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Abstract. A general bead-spring model is used to predict linear viscoelastic properties of a non-Hookean bead-
spring cube immersed in a Newtonian fluid. ThisK×K×K cube consist ofK3 beads with equal friction coeffi-
cients and 3K2(K−1) equal Fraenkel springs with lengthq. The cube has a topology based upon a simple cubic
lattice and it is confined to a container of volumeVs= (Kq)3. The confined cube is subjected to a small-amplitude
oscillatory shear flow with frequencyω, where the directions of the flow velocity and its gradient coincide with two
principal directions of the simple cubic bead-spring structure. For this flow field an explicit constitutive equation
is obtained with analytical expressions for the relaxation times and their strengths. It is found that the resulting
relaxation spectrum belonging to aK×K×K Fraenkel cube has the same shape as the one belonging to a ‘two-
dimensional’K×K cubic network consisting of equal Hookean springs. On the other hand, the dynamic moduli
G′(ω) andG′′(ω) belonging to aK×KK Fraenkel cube appear to have the same frequency-dependency as the
ones belonging to a ‘three-dimensional’K×KK cube consisting of equal Hookean springs.
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1. Introduction

To predict the rheological properties of a dilute solution of flexible polymer molecules in a
Newtonian fluid several bead-spring models have been developed. The Rouse model [1, 2]
constitutes the basis of many of these bead-spring models; only one of these models incor-
porated the possibility to choose bead-spring structures with an arbitrary topology instead of
linear chains (see Sammler and Schrag [3–5]). Recently, we have developed a new bead-spring
formalism [6], which provides the mathematical justification for the intuitive results obtained
by Sammler and Schrag.

This new bead-spring formalism has already been used to predict the linear viscoelastic
properties of a cubic bead-spring structure of arbitrary size immersed in a Newtonian fluid [7].
The topology of this cube was based upon the well-known cubic crystals (simple, body-
centered, or face-centered cubic lattice) and it consisted of equal Hookean springs and beads
with equal friction coefficients. An explicit constitutive equation was obtained with three sets
of relaxation times belonging to the three types of bead-spring cubes (SC, BCC, and FCC).
In case of a small-amplitude oscillatory shear flow with frequencyω the obtained dynamic
moduliG′(ω) andG′′(ω) did not show a significant dependency on the specific cubic topol-
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ogy (in a qualitative sense), although the three relaxation spectra (SC, BCC, and FCC) were
significantly different.

The obtained relaxation spectrum belonging to a large Hookean bead-spring cube is quite
intriguing: for a sufficiently large cube the discrete relaxation spectrum is changed into a ‘con-
tinuous’ one in which a small number of discontinuities can be observed. These discontinuities
are closely related to the so-called Van Hove singularities [8, 9], which are well-known in
solid-state physics [10]. In solid-state physics it has already been observed that a periodic or-
dering of atoms will result in one or more Van Hove singularities and we therefore considered
in [8] the following three Hookean systems: (i) a linear chain (K beads,K−1 springs), (ii) a
‘two-dimensional’K×K cubic network, or (iii) a ‘three-dimensional’K×KK cube (with a
simple cubic topology) immersed in a Newtonian fluid. In case that the size parameterK

is sufficiently large, the obtained ‘continuous’ relaxation spectra belonging to these three
Hookean systems (equal springs and beads with equal friction coefficients) show clearly one,
two and three discontinuities, respectively,i.e., the number of Van Hove singularities appears
to be associated with the dimension of the Hookean structure. Although all these Hookean
structures have a topology based upon a crystalline lattice, this does not necessarily imply
the same kind of bead ordering in real space. Actually, due to the Hookean character of the
springs, a crystal-like ordering of the beads in real space is, in general, by no means present.

In this paper we will consider a bead-spring system which does have a crystal-like bead
ordering in real space,i.e., we will consider a cube immersed in a Newtonian fluid in which
the Hookean springs are replaced by equal springs of the Fraenkel type [2, 11]. This Fraenkel
bead-spring cube (with equal friction coefficients for the beads) has a topology based upon a
simple cubic lattice and it is confined to a cubic container in such a way that it cannot rotate
freely anymore.

The main difference between a Hookean simple cubic structure and a confined Fraenkel
one is the absence and presence, respectively, of the simple cubic ordering of the beads in
real space. One of the aims of this paper is to investigate if this difference in bead ordering
will result in different linear viscoelastic properties. To that end, we will try to answer the
following questions: In what way do the relaxation spectrum and the dynamic moduliG′(ω)
andG′′(ω) belonging to the confined Fraenkel cube differ from the ones belonging to the
Hookean cases mentioned before? In case that the Fraenkel cube is sufficiently large, does
one obtain a ‘continuous’ relaxation spectrum? If so, how many Van Hove singularities can
be distinguished?

The outline of this paper is as follows. In Section 2 we discuss some general aspects that are
independent of the spring characteristics. In Section 3 we start to model the system consisting
of a Fraenkel bead-spring cube immersed in a Newtonian fluid, which is confined to a cubic
container. In Section 4 we restrict ourselves to a small-amplitude oscillatory shear flow, where
the directions of the flow velocity and its gradient coincide with two principal directions of the
simple cubic bead-spring structure. For such a flow field the following results are obtained:
(i) relaxation spectra for four different sizes of the Fraenkel cube (i.e., 253, 503, 1003, and
10003 beads), (ii) an exact calculation of the dynamic moduliG′(ω) andG′′(ω) for a large
Fraenkel cube (i.e., 10003 beads), and (iii) asymptotic expressions for the dynamic moduli
valid for a Fraenkel cube of arbitrary size. We end this paper by giving some concluding
remarks in Section 5.
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Figure 1. A 3× 3× 3 bead-spring cube consisting of 27 beads and 54 springs. The three principal directions of
the cubic structure are denoted byx, y, andz.

2. Some general aspects that are independent of spring characteristics

2.1. SOME MATRICES

In this paper we consider a bead-spring structure immersed in a Newtonian fluid with a topol-
ogy based upon a simple cubic lattice. In Figure 1 a 3×3×3 bead-spring cube is shown, where
the directionsx, y, andz correspond to the three principal directions of the cubic structure.

In general, aK×KK bead-spring cube with a topology based upon a simple cubic lattice
consists ofN = K3 beads andM = 3K2(K − 1) springs and we denote theN bead position
vectors and theM connector vectors by the symbolsr i andr̃ a, respectively. These two vector
sets are interrelated to each other through a topology matrixG̃ as

r̃ a =
N∑
i=1

G̃air i . (1)

The particular values of the matrix elements ofG̃ depend upon the chosen directions of the
connector vectors and upon the schemes used to number the bead position vectorsr i and to
number the connector vectorsr̃ a. An appropriate way of numbering leads to [7, 8]

G̃ =


G̃x

G̃y

G̃z

 =

G⊗ δK ⊗ δK
δK ⊗ G ⊗ δK
δK ⊗ δK ⊗G

 , (2)

where the submatrices̃Gx , G̃y , and G̃z are associated with the springs in thex-, y-, and
z-direction, respectively.

The symbol⊗ used in Equation (2) denotes the so-called Kronecker product [12, 13],
which is defined for an arbitraryP ×Q matrixX and an arbitraryR × S matrixY as
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X ⊗ Y ≡


X11Y . . . X1QY

...
. . .

...

XP1Y . . . XPQY

 , (3)

soX ⊗ Y is aPR ×QS matrix.
The matrixδK in Equation (2) is aK×K identity matrix and the(K − 1)×K matrixG in

Equation (2) is defined as

Gij = δi(j−1) − δij with

{
i = 1 . . . (K − 1)

j = 1 . . . K,
(4)

in which δij is the Kronecker delta (δij = 1 if i = j , δij = 0 if i 6= j ). It is noted that this
matrixG is identical to the topology matrix̃G belonging to a linear Rouse chain consisting of
K beads andK − 1 springs [2, 8].

The symmetric matrixA = G̃T G̃ is a generalization of a matrix used by Rouse [1, 2] and
it is given by

A = Ax + Ay + Az, (5)

where the symmetric matricesAx = G̃xT G̃x ,Ay = G̃yT G̃y , andAz = G̃zT G̃z are given by

Ax = GTG⊗ δK ⊗ δK, (6)

Ay = δK ⊗GTG⊗ δK, (7)

Az = δK ⊗ δK ⊗GTG. (8)

These four matricesA, Ax , Ay , andAz can be diagonalized simultaneously by a transforma-
tion matrixQ as follows:

(QTAxQ)ij = (33⊗ δK ⊗ δK)ij = axi δij , (9)

(QTAyQ)ij = (δK ⊗33⊗ δK)ij = ayi δij , (10)

(QTAzQ)ij = (δK ⊗ δK ⊗33)ij = azi δij , (11)

(QTAQ)ij = (axi + ayi + azi )δij , (12)

whereQ is aK3 × K3 orthogonal transformation matrix (i.e., Q−1 = QT ) and the diagonal
matrix3 in Equations (9), (10), and (11) is defined as

3ij = 2 sin

(
(i − 1)π

2K

)
δij with

{
i = 1 . . . K

j = 1 . . . K.
(13)

For example, forK = 2 the three sets of eigenvalues areax = (0 0 0 0 2 2 2 2), ay =
(0 0 2 2 0 0 2 2), andaz = (0 2 0 2 0 2 0 2).

The expression for the orthogonal transformation matrixQ is given by

Q = (R ⊗ R ⊗ R) with R =
(

1√
K
VK GT�0−1

)
, (14)
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in which the column vectorVK is aK × 1 vector with all its elements equal to one, the matrix
G is defined by Equation (4), and the symmetric matrix� and diagonal matrix0 are defined
as

�ij =
√

2

K
sin

(
ijπ

K

)
with

{
i =1 . . . (K − 1)

j =1 . . . (K − 1),
(15)

0ij = 2 sin

(
iπ

2K

)
δij with

{
i =1 . . . (K − 1)

j =1 . . . (K − 1).
(16)

We note that the(K − 1)× (K − 1) matrix GGT is diagonalized by the orthogonal
transformation matrix� defined by Equation (15), while the eigenvalues ofGGT are
equal to the squares of the diagonal elements of matrix0 defined by Equation (16),i.e.,
�TGGT� = 00 [2]. On the other hand, theK×K matrix GTG is diagonalized by the
orthogonal transformation matrixR defined in Equation (14),i.e., RTGTGR = 33, where
the diagonal matrix3 is defined in Equation (13).

2.2. SOME EQUATIONS

The configuration of aK×KK bead-spring cube changes in time according to the equation
of motion for theN = K3 bead position vectorsr i given by [6, 7]

ṙ i = L · r i − 1

ζ

(
kT
∂ logψ

∂r i
+

M∑
a=1

G̃ai f̃a

)
, (17)

wheref̃a is the spring force parallel to connector vectorr̃ a, k the Boltzmann constant,T the
absolute temperature,ψ(rN, t) the distribution function in configuration space of the set of
N beads in whicht denotes its time-dependency,ζ the friction coefficient belonging to each
bead,L · r i the ambient velocity of the solvent at beadi (whereL is the velocity gradient
tensor), anḋr i the flux velocity of beadi appearing in the equation of continuity forψ(r i t )
given by

∂ψ

∂t
= −

N∑
i=1

∂

∂r i
· (ṙ iψ) . (18)

An expression for the stress tensorT in terms of microscopic quantities is the so-called
‘Kramers form’ [2, 14],i.e.,

T = −p1+ 2ηsD− (N − 1)
kT

Vs
1+ 1

Vs

M∑
a=1

〈r̃ a f̃ a〉, (19)

where1 is a unit tensor,p the undetermined pressure,D = 1
2(L + L T ) the rate-of-strain

tensor,Vs the container volume (in which one bead-spring cube is immersed in a Newtonian
fluid of viscosityηs), and〈· · · 〉 denotes an average with respect to the distribution function in
configuration space.

3. A confined bead-spring cube consisting of equal Fraenkel springs

In a previous paper [7] we considered a bead-spring cube immersed in a Newtonian fluid,
where the spring characteristics were chosen to be Hookean, while the topology of the cube
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was based upon a simple, body-centered, or face-centered cubic lattice. However, a cubic
topology does not necessarily imply a cubic ordering of the beads in real space. Actually,
in case of a Hookean cube the actual shape of this bead-spring structure is in general by no
means cubic.

To obtain a cubic-like ordering of the beads in real space we consider in this paper a
bead-spring cube immersed in a Newtonian fluid, where the Hookean springs are replaced by
equal Fraenkel springs. The spring forcesf̃a belonging to these Fraenkel springs are defined
as [2, 11]

f̃ a = κ
(

1− q

r̃a

)
r̃ a, (20)

in which κ is the spring constant andq a spring parameter that is strongly related (but not
equal) to the equilibrium length of each spring,i.e., the spring forcẽf a is zero forr̃a = q,
attractive forr̃a > q and repulsive for̃ra < q. To keep the forthcoming analysis as simple as
possible we will only consider the case that the topology of theK×KK Fraenkel bead-spring
cube is based upon the simple cubic lattice and, furthermore, we confine this Fraenkel cube to
a cubic container of volumeVs = Nq3 = (Kq)3.

The beads at the outer surfaces of the Fraenkel cube experience container wall forces. The
main effect of these short-range wall forces on the motion of all the beads is to maintain
the beads at the simple cubic lattice points in real space. To keep the bead motions largely
limited to local excursions centered on these lattice points, the spring constantκ is chosen to
be sufficiently large. In the forthcoming modeling we will not include the explicit influence of
the wall forces in the equation of motion given by Equation (17),i.e., only an implicit effect
of the wall forces is taken into account: the simple cubic ordering of the beads in real space.
We note that the neglecting of explicit effects of the wall forces is only appropriate for large
bead-spring cubes (i.e., the size parameterK should be sufficiently large).

In consequence of this simple cubic ordering of the beads in real space, the motion of
the bead position vectorsr i will take place around the constant vectorssi , which denote the
lattice point positions of the simple cubic lattice. In the same way, the motion of the connector
vectorsr̃ a will take place around the constant vectorsqa. The vectorsqa are equal toqex , qey ,
andqez for springs in thex-, y-, andz-direction, respectively, where the vectorsex, ey , andez
form a fixed orthonormal basis in space.

In case of a sufficiently large spring constantκ the deviationd̃a = r̃ a −qa will be small so
that Equation (20) may be approximated by its first order Taylor-expansion,i.e.,

f̃a = κPa · d̃a with Pa = qaqa
q2

, (21)

where the projection tensorPa is equal toexex, eyey, and ezez for springs in thex-, y-,
and z-direction, respectively. By substituting Equation (21) in Equation (17) and by using
a transformation similar to Equation (1) (i.e., d̃a =∑ G̃ai di with di = r i − si), we obtain the
equation of motion fordi given by

ḋi = L · di + L · si − 1

ζ

(
kT
∂ logψ ′

∂di
+ κ

M∑
a=1

N∑
b=1

G̃aiG̃ab Pa · db
)
, (22)

whereψ ′ is defined asψ ′(dN, t) ≡ ψ(rN, t).
The relationVs = Nq3 and the expression for the Fraenkel spring given by Equation (20)

are substituted in the expression for the stress tensorT given by Equation (19), which leads to
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T = −p1+ 2ηsD− (N − 1)kT

Nq3
1+ T ′, (23)

where stressT ′ is the second order Taylor expansion of the last term on the right hand side of
Equation (19),i.e., for small deviations̃da = r̃ a − qa this term is given by

T ′ = κ

Nq3

M∑
a=1

(
〈Pa · d̃ad̃a + d̃aPa · d̃a〉 + Pa〈qa · d̃a + 1

2d̃a · (1− 3Pa) · d̃a〉
)
. (24)

4. Small-amplitude oscillatory shear flow

4.1. CONSTITUTIVE EQUATION

We now restrict ourselves to the case of a small-amplitude oscillatory shear flow with angular
frequencyω, where the direction of the flow velocity is in theex-direction and its gradient in
theey-direction, i.e., these two directions coincide with two principal directions of the bead-
spring cube (denoted byx andy in Figure 1). For the velocity gradient tensorL this means
thatLxy = iωγ◦ exp(iωt) with amplitudeγ◦ � 1, while the other elements ofL are zero. For
such a flow field only the xy-component of the stress tensorT and thex- andy-coordinates of
the deviationsdi andd̃a are of particular interest.

As mentioned in Section 3 the projection tensorPa is equal toexex , eyey , andezez for
springs in thex-, y-, andz-direction, respectively. By combining these projection tensors with
Equations (22), (23), and (24) we obtain

ḋi,x = Lxydi,y + Lxysi,y − 1

ζ

(
kT
∂ logψ ′

∂di,x
+ κ

N∑
b=1

Axibdb,x

)
, (25)

ḋi,y = −1

ζ

(
kT
∂ logψ ′

∂di,y
+ κ

N∑
b=1

A
y

ibdb,y

)
, (26)

Txy = Lxyηs + κ

Nq3

N∑
i=1

N∑
j=1

(
Axij + Ayij

)
〈di,xdj,y〉, (27)

where the definitions of matricesAx andAy are given by Equations (6) and (7), respectively.
The set of vectorsdi is transformed into a set of normal coordinate vectorsξ i by a trans-

formation of the type

di =
N∑
j=1

Qij ξ j ,
∂

∂di
=

N∑
j=1

Qij

∂

∂ξ j
, (28)

where the orthogonal transformation matrixQ is defined by Equation (14). By using Equa-
tions (9), (10), and (28), we transform Equations (25) and (26) into equations of motion in the
ξ -representation,i.e.,

ξ̇i,x = Lxyξi,y + Lxy
N∑
j=1

Qjisj,y − 1

ζ

(
kT
∂ log ψ̄ ′

∂ξi,x
+ κaxi ξi,x

)
, (29)
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ξ̇i,y = −1

ζ

(
kT
∂ log ψ̄ ′

∂ξi,y
+ κayi ξi,y

)
, (30)

whereψ̄ ′ is defined asψ̄ ′(ξN, t) ≡ ψ ′(dN, t) ≡ ψ(rN, t) and the sets of eigenvaluesax
i

anday
i are defined by Equations (9) and (10), respectively. In the same way we transform the

xy-component of the stress tensorT given by Equation (27) into theξ -representation,i.e.,

Txy = Lxyηs +
N∑
i=1

T P
i,xy with T Pi,xy =

κ

Nq3

(
axi + ay

i

) 〈ξi,xξi,y〉, (31)

where〈ξi,xξi,y〉 = 0 for the modes withayi = 0. Consequently, the stressT P
i,xy is zero for each

normal mode withayi = 0 and we only have to consider the modes withayi 6= 0.
By transforming the equation of continuity forψ(rN, t) given by Equation (18) into an

equation of continuity forψ̄ ′(ξN, t), by multiplying both sides of the resulting equation
by ξi,xξi,y , and by integrating it over the entireξ -space, we obtain for the modes withayi 6= 0:

d

dt
〈ξi,xξi,y〉 = 〈ξ̇i,xξi,y〉 + 〈ξi,x ξ̇i,y〉 = −κ

ζ

(
axi + ayi

) 〈ξi,xξi,y〉 + kT

κa
y

i

Lxy, (32)

where we have used the relations

〈ξi,y〉 = 0, 〈ξ2
i,y〉 =

kT

κa
y

i

,

〈
ξ i
∂ log ψ̄ ′

∂ξ i

〉
= −1. (33)

By combining Equations (31) and (32) we obtain a constitutive equation forT Pi,xy , i.e.,

for ayi = 0 T Pi,xy = 0, (34)

for ayi 6= 0
dT Pi,xy

dt
+ 1

λi
T Pi,xy = µi

kT

Nq3
Lxy, (35)

with the relaxation timesλi and the relaxation strengthsµi given by

λi = ζ

κ
(
axi + ayi

) , µi = 1+ a
x
i

a
y

i

. (36)

4.2. RELAXATION SPECTRUM

By combining Equations (9), (10), (13), and (36), we obtain expressions for theK2(K − 1)
relaxation timesλi and their strengthsµi which are given by

λi ≡ λklm = ζ

4κ

[
sin2

(
kπ

2K

)
+ sin2

(
lπ

2K

)] , (37)

µi ≡ µklm = 1+
sin2

(
kπ

2K

)
sin2

(
lπ

2K

) (38)
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Figure 2. The reduced relaxation spectrumH ∗(λ) for a confinedK×KK Fraenkel bead-spring cube immersed
in a Newtonian fluid: (a)K = 25, (b)K = 50, (c)K = 100, and (d)K = 1000.

with i = K(K−1)k+K(l−1)+m, k = 0 . . . (K−1), l = 1 . . . (K−1) andm = 1 . . . K. The
relaxation timesλi given by Equation (37) are distributed between minimum and maximum
values given by

λmin = ζ

8κ
, λmax= 8K2λmin

π2
= ζK2

π2κ
. (39)

At this moment it is convenient to introduce a relaxation spectrumH(λ, 1 log10λ) that
represents a weighted distribution of relaxation times,i.e., H(λ, 1 log10λ) is defined as
the weighted number of relaxation timesλi satisfying log10λ − 1 log10λ < log10λi ≤
log10λ+1 log10λ, where the weights belonging to these relaxation timesλi are equal to their
strengthsµi . For a confinedK×KK Fraenkel bead-spring cube immersed in a Newtonian
fluid this spectrumH(λ, 1 log10λ) can be calculated by using the expression for theK2(K−
1) relaxation timesλi and their weightsµi given by Equations (37) and (38), respectively.
In Figure 2 we depict the reduced relaxation spectrumH ∗(λ) = H(λ, 0·0022)/K2(K − 1)
as a function of the reduced timeλ/λmin for four different sizes of theK×KK Fraenkel
bead-spring cube,i.e., parameterK is equal to 25, 50, 100, and 1000, respectively.

One observes in Figure 2 that the reduced relaxation spectrumH ∗(λ) converges gradually
toward a ‘continuous’ spectrum ifK increases. In Figure 2d one observes that for a 1000×
1000× 1000 Fraenkel cube the relaxation spectrumH(λ, 0·0022) represents a continuous
function for the regionsλmin < λ < 2λmin and 2λmin < λ ≤ 10λmin with two Van Hove
singularities at the timesλ = λmin andλ = 2λmin. This ‘continuous’ spectrum belonging to
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a large ‘three-dimensional’ Fraenkel cube has the same shape as the one belonging to a large
‘two-dimensional’K×K cubic network consisting of equal Hookean springs [8].

At first sight, this result might be somewhat surprising, but there is good explanation for it.
To obtain this result we have used in our bead-spring model the first order Taylor-expansion
of the Fraenkel forcẽf a defined by Equation (20). The linearized Fraenkel forcef̃ a given by
Equation (21) is, however, always in the direction of the constant vectorqa, so if one considers
a ‘two-dimensional’K×K substructure of theK×KK Fraenkel cube (consisting ofK(K−1)
springs withqa = qex andK(K − 1) springs withqa = qey), then thez-components of the
2K(K−1) spring forces̃f a of this particularK×K substructure are always equal to zero. One
might therefore say that theK×KK Fraenkel cube consists ofK ‘two-dimensional’K×K
substructures (with only springs in thex-direction andy-direction), which are interconnected
by K2(K − 1) springs in thez-direction (note that theK×KK Fraenkel cube is subjected
to a small-amplitude oscillatory shear flow with the flow velocity in theex-direction and its
gradient in theey-direction).

Consequently, it is not really surprising that the expression for the relaxation timesλi
given by Equation (37) is equal to the expression forλi belonging to a ‘two-dimensional’
K×K cubic network consisting of equal Hookean springs [8]. Note that the relationλkl1 =
. . . = λklm = . . . = λklK (and, in the same way,µkl1 = . . . = µklm = . . . = µklK ) reflects our
conception that theK×KK cube consists ofK ‘two-dimensional’ substructures with only
springs in the x- and y-direction. On the other hand, the Fraenkel character of the springs
in theK×KK cube and the presence of springs in thez-direction (which interconnectK
‘two-dimensional’ substructures) are reflected by the expression for the relaxation strengths
µi given by Equation (38), which is clearly different from the relationµi = 1 valid for the
‘two-dimensional’ Hookean case [8].

This difference in the Hookean and Fraenkel expressions for the relaxation strengthsµi
leads to a different largeK dependency of the reduced relaxation spectrumH ∗(λ). For the
‘two-dimensional’ Hookean case it is observed that the spectrumH ∗(λ) for a sufficiently large
K×K cubic network does not change anymore if one increases the size parameterK [8]. For
theK×KK Fraenkel cube one observes that the largeK dependency ofH ∗(λ) is different
for the two regions of small and large timesλ. In the region of small times (i.e., λ < 2λmin)
there is no difference between the spectrumH ∗(λ) for K = 1000 and the one for a value
of K larger than 1000. On the other hand, in the region of large times (i.e., λ ≥ 2λmin) the
spectrumH ∗(λ) for a K×KK cube withK ≥ 1000 appears to be smaller than the one
belonging to a larger cube,i.e., for largeK the maximum value ofH ∗(λ) at λ = 2λmin can
be approximated by 0·0335log(K)−0·0394, while similar approximations forH ∗(λ) are valid
for timesλ > 2λmin.

4.3. DYNAMIC MODULI

In Section 4.1 we obtained a constitutive equation for the stressT Pi,xy [see Equations (34) and
(35)], which belongs to a confined Fraenkel bead-spring cube immersed in a Newtonian fluid.
To obtain this constitutive equation forT Pi,xy we have restricted ourselves to a small-amplitude
oscillatory shear flow with frequencyω, where the directions of the flow velocity and its
gradient coincide with two principal directions of the simple cubic bead-spring structure.

This constitutive equation forT Pi,xy can be used to determine the dynamical response of the
stressTxy given by Equation (31) on the applied flow velocity gradientLxy = iωγ◦ exp(iωt),
where the elastic and viscous stress response are characterized by the storage modulusG′(ω)
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and the loss modulusG′′(ω), respectively. It can be shown (see,e.g.., Bird et al. [2]) that the
constitutive equation forT Pi,xy given by Equations (34) and (35) leads to expressions for the
dynamic moduliG′(ω) andG′′(ω) given by

G′(ω) = kT

(Kq)3

K2(K−1)∑
i=1

µi
(ωλi)

2

1+ (ωλi)2 , (40)

G′′(ω) = ηsω + kT

(Kq)3

K2(K−1)∑
i=1

µi
ωλi

1+ (ωλi)2 , (41)

where the relaxation timesλi and their strengthsµi are given by Equations (37) and (38),
respectively.

Numerical calculations of the dynamic moduliG′(ω) andG′′(ω) for different sizes of
theK×KK Fraenkel cube will indicate that three different frequency regions can be distin-
guished,i.e., a low, an intermediate, and a high-frequency region. For each region we obtained
asymptotic expressions for the moduliG′(ω) andG′′(ω) (see Dennemanet al.[7] and Van der
Vorstet al. [15] for the method to obtain these asymptotes). The two boundaries of these three
frequency regions depend upon the values of the minimum and maximum relaxation times
λmin andλmax (see Equation (39) for their definitions).

The asymptotic expressions for the storage modulusG′(ω) are

ωλmin� ωλmax� 1 : G′(ω) = kT

q3

8(K4 − 1)

5K2
(ωλmin)

2, (42)

ωλmin� 1� ωλmax : G′(ω) ≈ kT

q3

4(K2 − 1)

3K
(ωλmin)

3/2, (43)

1� ωλmin� ωλmax : G′(ω) = kT

q3

(K − 1)(K2 + 3K − 1)

3K2
(44)

and the asymptotic expressions for the loss modulusG′′(ω) are

ωλmin� ωλmax� 1 : G′′(ω)− ηsω = kT

q3

4(K2 − 1)

3K
(ωλmin), (45)

ωλmin� 1� ωλmax : G′′(ω)− ηsω ≈ kT

q3

4(K2 − 1)

3K
(ωλmin), (46)

1� ωλmin� ωλmax : G′′(ω)− ηsω = kT

q3

(K − 1)(3K2 + 17K− 16)

24K2 (ωλmin)
. (47)

Note that Equations (45) and (46) are identical,i.e., the frequency-dependency of the loss
modulusG′′(ω) is in the low frequency region and in the intermediate frequency region the
same. Furthermore, by combining Equations (43) and (46) we obtain for the intermediate
frequency regionωλmin � 1� ωλmax an expression which is independent of the size of the
K×KK Fraenkel cube,i.e.,

G′(ω)
G′′(ω)− ηsω ≈ (ωλmin)

1/2. (48)



230 A.I.M. Dennemanet al.

-10 -8 -6 -4 -2 0 2
-15

-10

-5

0

5

(a)

-10 -8 -6 -4 -2 0 2
-10

-5

0

5

(b)

Figure 3. The storage modulusG′(ω) and the loss modulusG′′(ω) belonging to a confined 1000× 1000× 1000
Fraenkel cube immersed in a Newtonian fluid with viscosityηs = 0: (a) the reduced storage modulus
log10(G

′(ω)q3/kT ) as a function of reduced frequency log10(ωλmin) (the dashed lines are the asymptotic ex-
pressions given by Equations (42), (43), and (44) and the thick line is its exact calculation) and (b) the reduced loss
modulus log10(G

′′(ω)q3/kT ) as a function of reduced frequency log10(ωλmin) (the dashed lines are asymptotic
expressions given by Equations (45), (46), and (47) and the thick line is its exact calculation).

As an example we consider a 1000× 1000× 1000 simple cubic bead-spring structure,
which consists of equal Fraenkel springs and is immersed in a Newtonian fluid with viscos-
ity ηs = 0. This Fraenkel cube is confined to a cubic container of volumeVs = (1000q)3,
whereq is the spring parameter as given in Equation (20). In Figure 3a the three asymptotic
expressions given by Equations (42), (43), and (44) are compared with the exact calculation
of the expression forG′(ω) given by Equation (40), and in Figure 3b the three asymptotic
expressions given by Equations (45), (46), and (47) are compared with the exact calculation
of the expression forG′′(ω) given by Equation (41). In both figures the two boundaries of the
three different frequency regions are given by log10(ωλmin) = 0 and log10(ωλmin) = −5·9
(i.e., log10(ωλmax) = 0), respectively, and we observe that the asymptotic expressions for the
three different frequency regions do approximate the exact calculations very well.

The dynamic moduliG′(ω) andG′′(ω) belonging to aK×KK Fraenkel bead-spring cube
appears to be similar to the ones belonging to aK×KK cube consisting of equal Hookean
springs [8]. That is, the frequency-dependency of the dynamic moduli (the slopes in Figure 3)
is for the ‘three-dimensional’ Fraenkel and Hookean cube exactly the same.

5. Concluding remarks

In this paper we have obtained the relaxation spectrumH(λ, 1 log10λ) and the dynamic
moduliG′(ω) andG′′(ω) belonging to a confined Fraenkel cube immersed in a Newtonian
fluid. To obtain these results we have restricted ourselves to a small-amplitude oscillatory
shear flow with frequencyω, where the directions of the flow velocity and its gradient coincide
with two principal directions of the bead-spring cube.

The obtained relaxation spectrumH(λ, 1 log10λ) belonging to a largeK×KK Fraenkel
cube appears to have the same shape as the one belonging to a large ‘two-dimensional’
K×K cubic network consisting of equal Hookean springs (including the two Van Hove
singularities). Actually, the relaxation timesλi belonging to the ‘three-dimensional’ Fraenkel
case and the ‘two-dimensional’ Hookean case appear to be the same, but their strengthsµi
differ. Due to this difference in relaxation strengths the dynamic moduliG′(ω) andG′′(ω)
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belonging to the Fraenkel bead-spring cube are not identical to the ones belonging to a ‘two-
dimensional’ Hookean cubic network. Instead, the Fraenkel moduli have exactly the same
frequency-dependency as the ones belonging to a ‘three-dimensional’ Hookean bead-spring
cube.

The substitution ofq = 0 in the expression for the Fraenkel spring force given by Equa-
tion (20) leads to a Hookean spring force, so one would expect that the rheological behavior
of a confined Fraenkel cube withq → 0 is identical to the rheological behavior of a Hookean
cube. Surprisingly, the results obtained in this paper do not fulfill this expectation. Why?

To answer this question it is noted that in the modeling of aK×KK Fraenkel cube confined
in a container of volumeVs = (Kq)3 we have assumed a simple cubic ordering of the beads
in real space (in contrast with the Hookean case where this ordering is by no means present).
However, in the limitq → 0 this assumption is not valid anymore: (i) the limitq → 0 leads
to a non-physical size of the container (i.e., Vs = (Kq)3 → 0) and (ii) for a decreasingq the
influence of the Brownian bead motion in destroying the simple cubic ordering in real space
is increased (resulting in a non-ordered system in the limitq → 0). The analysis presented in
this paper is therefore only valid in case of a sufficiently large spring parameterq.

Another interesting limit is the ‘stiffened’ Fraenkel spring limitκ →∞. This limit is not
called the rigid rod limit, because there exists a fundamental difference between a stiffened
Fraenkel spring and a rigid rod. This difference is associated with some fundamental problems
related to the freezing out of a degree of freedom (see,e.g.., Gottlieb and Bird [16], Van
Kampen [17], and pp. 46–47 in Birdet al.[2]). In the stiffened Fraenkel spring limit we obtain
λmin → 0 andλmax→ 0, which results in dynamic moduliG′(ω) → 0 andG′′(ω) → ηsω.
This result is in consequence of the confinement of theK×KK Fraenkel cube to a cubic
container of volumeVs = (Kq)3, whereby the orientability of the cube is limited such that it
cannot rotate freely anymore.

Although bead-spring models are normally used to model polymer systems, we finally
note that we have recently used a model based upon Fraenkel bead-spring cubes to describe
successfully the rheological behavior of a colloidal crystal [18]. However, the model based
upon Fraenkel cubes presented in the paper on colloidal crystals is not a trivial extension of
the model presented in this paper (andvice versa).
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